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R. M. Gabriel has shown that, given a subharmonic function U inside and on a 
closed convex curve r, any line integral of 1 UI A is bounded by a constant multiple, 
depending only on I, of a similar integral on r, at least when 1~ 2. It is shown here 
that the result fails for 1 < i 6 2, and further that, for A> 2, the constant is about 
(A-2)‘-” as 1+2+. 1’ 1992 Academic Press, Inc. 
Some forty years ago R. M. Gabriel stated the following theorem. 
THEOREM A Cl, Theorem 23. Suppose that U is subharmonic inside and 
on a closed convex curve r, and that 1” > 2 is given. Then there is a constant 
A(A) such that, for any curve C lying inside r, 
where X(Q) = SC dw,, and dw, is the angle subtended at Q by the segment 
dP of C. 
Actually Theorem A applies only to nonnegative subharmonic functions, 
as the example U = log (z[ in the unit disc reveals. For then the right-hand 
side of (1) is zero while the left-hand side is positive if C is not a point. The 
misstatement perpetuates a similar error in an earlier result (cited in a 
footnote [ 1, p. 3141) on which Theorem A depends. 
Gabriel call X(Q) the total plane angle subtended by C at Q. Theorem A 
is the last in a sequence of results he published to do with such problems, 
his interests turning elsewhere in the years before his untimely death in 
1957. (An account of his work has been given by Verblunsky [3].) In 
an earlier paper [Z], for instance, he showed that if U is positive and 
subharmonic inside and on a closed convex curve I- then 
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for any circle C contained inside f, and that 2 is sharp. He speculated [1, 
p. 3161 about an extension of Theorem A to values of 1> 1 and offered the 
conjecture that, for 1> 2, A(A) may be replaced by 4. In fact Theorem A 
is about the best that can be done. It will be shown here that Theorem A 
fails for 1 <J < 2 and that, for 2 > 2, A(L) + cc as ,? -+ 2+; more precisely, 
lim inf, _ Z+ A(L)(J - 2)“-’ > 0. Gabriel’s method-of the two main 
theorems in [l] he confined himself to proving only one, which is the 
3-dimensional analogue of Theorem A-yields 2”( (3. - 1 )/(A - 2))” ~ ’ as a 
possible A(J). (This is, coincidentally, the same value as the estimate he 
obtains in the 3-dimensional case.) The best A(1) is thus about (1. -2)‘-” 
as i-+2+. 
We take r to be the unit circle. U is the Poisson integral, 
(2) 
with boundary values U(e@) = cp-‘, for e-2k 6 cp ,< e-k, and 0 elsewhere, 
where as usual 
P(r, 19) = 
1 -r2 
l-2rcosO+r*’ 
and k is a positive constant to be thought of as large. C is the section of 
the real axis from 0 to 1 - epk. Strictly speaking, given that U in 
Theorem A is assumed to be subharmonic up to and including r, we 
should consider U(pz), where 0 < p < 1, and allow p + 1 -. In the present 
case, however, as p -+ l- both sides of (1) approach their respective values 
at p = 1, so it is enough to deal with U(z). 
Since, for O,<rdl-eek and epZk<q<epk, we have q<l-r, it 
follows that 
1 -r2 1 -r2 1 -r* 1 
1-2rc0scp+r2=(1-r)2+4rsin2(cp/2)~(1-r)2+r~231~ 
and therefore L, the left-hand side of (l), satisfies 
In the opposite direction, note first that, with X=X(e@), 
tanX=(1-e~k)sinrp/(l-(1-ee-k)coscp)<(ek-1)sincp<ek~. In par- 
ticular, for emZk 6 cp < ewk, tan Xg 1, and therefore X< n/4. It follows that 
tan X2 X/2 and hence, combining this with the earlier inequality, we have 
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Xd2ekcp, for eP’“<cp<4 ‘. The integral R, say, on the right-hand side of 
(1) thus satisfies 
(4) 
so that R is no greater than 
ek(i 1) 
7r(2-I.)’ 
for 1<1<2, 
kek 
n’ 
for 2=2, 
ek(2i.-3) 
n(3,-2)’ 
for L>2. 
On comparing these inequalities with (3) it is evident that, for 1 <i 6 2, 
L/R + co as k -+ CG, and therefore Theorem A fails. Also, for I. > 2, 
We set k = l/(1 - 2) and obtain 
lim inf (2 - 2)“-‘A(1) > (47ce)-‘. 
i-2+ 
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